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Abstract This work develops hybrid models for large-scale singular differential system and analyzes
their asymptotic properties. To take into consideration the discrete shifts in regime across which
the behavior of the corresponding dynamic systems is markedly different, our goals are to develop
hybrid systems in which continuous dynamics are intertwined with discrete events under random-jump
disturbances and to reduce complexity of large-scale singular systems via singularly perturbed Markov
chains. To reduce the complexity of large-scale hybrid singular systems, two-time scale is used in the
formulation. Under general assumptions, limit behavior of the underlying system is examined. Using
weak convergence methods, it is shown that the systems can be approximated by limit systems in
which the coefficients are averaged out with respect to the quasi-stationary distributions. Since the
limit systems have fewer states, the complexity is much reduced.
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Singular systems of differential equations arise in various applications in physical sciences,
engineering, and economic systems. Due to their importance, such systems have been studied
extensively and employed in control and optimization tasks. For some of the recent literature,

we refer to refs. [1—4] among others. In these references, for a singular matrix A, a system
Ai 4+ Bz = f(t), z(0) =z, (0.1)

and/or the related control problems are dealt with. Many interesting and important results have
been obtained; a wide range of applications have been examined. The main effort up to date has
been devoted to deterministic systems, whereas formulation under random disturbances has not
received much attention, to the best of our knowledge. In this work, our goals are to develop
hybrid systems in which continuous dynamics are intertwined with discrete events under random
disturbances and to reduce complexity of large-scale singular systems via singularly perturbed
Markov chains.

Often the underlying dynamic systems of various real-world applications are not only time-
varying, but also associated with dramatic movements involving discontinuity, which are influ-
enced by uncertain, exogenous discrete events driven by random disturbances. Many of such
systems involve noise of pure jump type, especially for those arising in production planning, eco-

nomics, and stochastic networks. As a result, the parameters of the dynamic systems come from
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one of the different regimes with transitions among regimes governed by an unobservable jump
process. To model such systems, Markovian formulations have been found to be useful. To better
reflect reality and to produce mathematically tractable models, we introduce hybrid models of
singular differential systems in this paper. Our main motivation stems from taking discrete event
interventions into consideration. For example, let us consider a nation’s economy, in which the
discrete events are coined by economists as discrete shifts. The evolution of the economy often
displays dramatic moves (ups or downs), which then is naturally modeled by a Markov chain.
Using such a premise, in lieu of considering a fixed matrix A in (0.1), we treat the case that A
is time-varying and depends on a continuous-time Markov chain, which is motivated by a wide
range of applications in stochastic networks, communication systems, production planning, and
manufacturing; see for example, refs. [5—7] and the references therein.

The rapid increase in computational capabilities and an increasingly quantitative approach
to problem solving have posed challenging tasks upon us since the underlying systems are fre-
quently large-scale ones. To incorporate various needs into the model, the underlying Markov
chain may have a large state space due to the complex nature of the system. To reduce the
complexity of such systems, we exploit the hierarchical structure of the underlying models. The
essence of the nearly completely decomposable matrix models, originating in Simon and Ando’s
work(®! is that in a large-scale system, not all components of the system change at the same rate.
Thus it is helpful to model the system via time-scale separation. The resulting system becomes
one with both fast-time scale and slow-time scale, leading to a singular perturbation formulation.
Such ideas have been successfully used in control of large-scale dynamic systems and manufac-
turing; see, for example, refs. [5, 6, 9, 10] among others. One of the main components in these
works is modeling and analysis via the use of singularly perturbed Markov chains. Owing to
the prevalence in various applications, such singularly perturbed Markov chains have received
resurgent attention lately; see, for example, refs. [6, 7, 10—16], among others.

In this work, by means of hierarchical approach, decomposition, and aggregation, we propose
new switching models of singular differential systems under stochastic disturbances via time-scale
separation, resulting in models involving singularly perturbed Markov chains. To highlight the
two-time scale, we introduce a small parameter € > 0. To treat control and optimization problems
of such hybrid systems, it is foremost to have a thorough understanding of singular differential
systems under singularly perturbed Markovian disturbances. By focusing on the asymptotic
behavior of the systems as ¢ — 0, we use methods of weak convergence to derive limit results.
It is shown that the underlying systems can be approximated by limit systems in which the
coefficients are averaged out with respect to the quasi-stationary measures of the Markov chain.
Note that the small parameter ¢ may not appear in the original physical problems. It is for
the reason of facilitating the analysis and hierarchical decomposition that we introduce it into
the systems. How small is an ¢ considered to be small? In applications, constants such as
0.1 or 0.5 etc. could be considered as small enough. It mainly indicates the relative order of
magnitude in the formulation, and provides guidelines. The asymptotic results of the underlying

system (as e — 0) give insights into the structure of the systems and provide heuristics for
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various applications. The averaging approach to be presented will be useful in construction of
asymptotic or nearly optimal controls of various systems.

The rest of the paper is arranged as follows. Section 1 presents the precise formulation of the
problem. Section 2 recalls some preliminary results on singular systems of differential equations
and singularly perturbed Markov chains. Section 3 is concerned with the asymptotic behavior
of singular differential systems under the influence of singularly perturbed Markov chains. As
an application, Section 4 is devoted to an illustrative example; it presents a hybrid/switching
Leontief model and the corresponding asymptotic results. Finally, Section 5 concludes the paper
with a few further remarks. Throughout the paper, we use K to denote a generic positive
constant. Its value may change for different usage. For z € R"™*!, we use 2z’ to denote its

transpose and |z| to denote its norm.

1 Preliminary results

1.1 Singular systems of differential equations

First, we recall a number of definitions. For more discussion on related issues, the reader is
referred to ref. [1]. For A € R™*", the index of A, denoted by Ind(A), is the least nonnegative
integer p such that N (A*) = N(A*1). Let A € R™" with Ind(A) = y, dim R(A*) = £y, and
dim N (A*) = £; (bp + €1 = r), where R(A) and N(A) denote the range and null space of A,

cC 0

respectively, and A = G( )Gl, where C' is an £y x {p nonsingular matrix and N is an

0 N

£y x £; nilpotent matrix with u =Ind(N). The Drazin inverse of A, denoted by AP, is defined

c-' o
as AP =@ G~
0 0

For A,B € R"™*", and an R"-valued function f(-), consider
Az + Bz = f(t), z(to) = zo. (1.1)

The vector zp is said to be a consistent initial vector if (1.1) has at least one solution. The
differential equation in (1.1) is tractable at to if the initial value problem has a unique solution
for each consistent initial vector xy. Moreover, if a system is tractable at a point tg, then it is

tractable at all ¢ (see ref. [1]).

It follows that!]l, the corresponding homogeneous differential equation (i.e. a differential
equation (1.1) with f(t) = 0) is tractable iff there is a A € C such that (AA + B)~! exists.

Define
Pp=(NA+ B)flA, O = (AA+ B)le, and @y = (AA+ B)flf, (1.2)

where A € C such that (AA+ B) is nonsingular. Note that Theorem 3.1.2 in ref. [1] indicates that

the solution of singular systems of differential equations is independent of A. If the homogeneous
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equation is tractable, then the general solution is given by
z(t) = exp(— BE p(t — to))PaPLv, v ER". (1.3)
A vector ¢ € R" is a consistent initial vector for the homogeneous equation iff
c= @0 c for c € R(P5) = R(Pa DY),
where k =Ind(P4).
Suppose that f(t) is k-times continuously differentiable at t; with x =Ind(®4). Then the

nonhomogeneous equation (1.1) has a general solution

z(t) = exp(— L dp(t —t9))DaPLv + /t exp(fo Pp(t — s))@f Dy (s)ds + w(t),

- K (1.4)
w(t) = (I 2488) 3" (-1)/(8488) 85 21 (1),

where v € R", and f(*) denotes the ith derivative of f(-). A vector ¢ € R" is a consistent initial
vector associated with ¢y for the nonhomogeneous equation iff ¢ is a solution of

(I— D4P%)(c—w(ty)) =0.
Moreover, the nonhomogeneous equation is tractable at g and the unique solution of the initial

value problem with z(to) = ¢ is given by (1.4) with v = x.

1.2 Singularly perturbed Markov chains
Our interests are mainly on nonstationary continuous-time Markov chains. Consider a

continuous-time Markov chain a(-) with finite state space M = {1,---,m}.

For 4,5 € M, with Q(t) = (g;;(t)), for t > 0, for any real-valued function g on M and
1 € M, write
Qg )@ = D ai(t)g(i) = > 4i;(t)(9(5) — g(i)).
JEM J#i
We say that Q(t), t > 0, is a generator of () if ¢;;(t) is bounded and Borel measurable, g;;(t) > 0
for j # 14, qii(t) = — Zj# gi;(t), t > 0, and for any bounded real-valued function g defined on M

g(a(t)) */0 Qs)g(-)((s))ds (1.5)

is a martingale. A generator Q(t) is said to be weakly irreducible if, for each fixed t > 0, the

system of equations
VB)Q(t) =0, 3 vi(t) =1 (1.6)
i=1

has a unique solution v(t) = (v1(t),...,Vm(t)) and v;(¢t) > 0 for ¢« = 1,...,m. Such a solu-
tion is termed a quasi-stationary distribution (see ref. [6]). The modifier “quasi-” is used since
v(t) is time dependent and it does not require all of its components be strictly positive. The

weak irreducibility, being first introduced in ref. [12], is a generalization of the usual notion

-1 1

of irreducibility. For example, < ) is not irreducible but it is weakly irreducible. Such

0 0
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extensions are needed and convenient for various applications. For further discussions on nonsta-
tionary Markov chains through piecewise deterministic process formulation, we refer the reader

to ref. [17].
2 Formulation

2.1 The model

Suppose that € > 0 is a small parameter, a®(t) is a continuous-time Markov chain with
a®(0) = ag and finite state space
M=MU---UMUM,
= {511’ e ,Slml} U---U {Slh . 7Slml} U {3*1’ . ,S*m*}- (2‘1)
Note that for each i = 1,---,1, M; is the subspace of states in the ith recurrent class, and M.,
is the collection of transient states (To distinguish the recurrent and transient states, we use the

index x for the transient states.). Let the generator of a®(t) be

Q(t)

Q)= —+ Q1) (2.2)
such that Q(t) and Q(t) are themselves generators and
Q'(t)
Q*(t)
Q(t) = (2.3)

Q'(1)

QL) Q1) - QL) Qu(t)
In view of (2.2) and (2.3), a°(+) is a Markov chain involving weak and strong interactions. Within
each M;, the transitions take place in a fast pace, whereas the jumps from M; to M; occur
relatively infrequently.

For 0 < T < oo, we work with the time horizon [0,7]. Consider the singular systems of
differential equations of the form

A(a®(t))2° + B(a®(t))z" = f(t,a°(t)), z°(0) = zo. (2.4)

In (2.4), z(t) € R", f() is an R"-valued function, and for each ¢« € M, A(¢) and B(¢) are r X r
matrices. The precise conditions of A(:), B(:), and f(-) will be given in the sequel.

Since a°(+) is a pure jump process, its sample paths are piecewise constant. As a result, in
lieu of a fixed set of coefficients, (2.4) has card(M) number of regimes (or configurations) for the
system coefficients, where card(M) denotes the cardinality of M. Between two jumps of a°(-),

(2.4) is a deterministic system, which is an example of nowadays popular hybrid systems.

2.2 Rationale
The form (2.2) and (2.3) of the generator is originated from hierarchical decomposition.

Suppose that we have a large-scale system. Model the disturbances by a finite-state Markov
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chain. Since not all states can be transient, there is at least one recurrent state (see ref. [18]). In
accordance with the transition rates of the recurrent states, the recurrent states can be grouped
into [ recurrent classes. The remaining transient states are in M,. The precise conditions of the
generator will be spelt out later.

In the subsequent analysis, it is required that ¢ — 0. In the actual applications, however,
€ > 0 is simply a small positive constant. Ref. [6] provides an illustrative example on how
to convert a generator into the form (2.2). The procedure uses an elementary matrix row and
column operations.

We concern ourselves with the case that the state space M is large, i.e. M contains a large
number of elements. The amount of computation in handling the underlying system could be
intensive. Rather than treating the system directly, we aggregate the states in each recurrent
class into one state, resulting in an aggregated process with state space having [ elements. Using
such an aggregation, we shall derive a limit system that depends only on ! possible regimes or
configurations. Suppose that card(M) = m and | < m. Then the complexity is substantially

reduced.

2.3 Assumptions

We make the following assumptions. The first condition is about the singularly perturbed
Markov chain, and the second one is concerned with system (2.4).
(A1) The generators Q(-) and Q(-) are uniformly bounded and Borel measurable such that

(a) for each i = 1,---,1, Q(t) is weakly irreducible;

(b) Q*(t) is asymptotically stable, i.e. all of its eigenvalues belong to the left half of the
complex plane;

(c) for each i = 1,---,1, there exist constant matrices Gi € R™*™i G, € R™ X™~ and
matrix-valued function B(t) € R™+*™+ such that B(-) is Lipschitz continuous, and

G'(t) = B#)G: and §.(t) = B()G..

(A2) For each . € M,

(a) there exists A(¢) such that A(¢)A(¢) + B(¢) is nonsingular;

(b) f(-,¢) is (k + 1)-times continuously differentiable, where

K = max Ind (()\(L)A(L) + B(v)) 1A(L)) .

Remark 2.1. If the last row of Q(t) disappears (i.e. the corresponding chain has only
recurrent states), then the Lipschitz condition in (A1) is no longer needed (see ref. [16] for further
details). If a full asymptotic expansion of the solution of the corresponding forward equation
(see (3.1) in what follows) is desired, more smoothness of Q(t) and Q(t) will be needed (see ref.

[6]).
To see the implication of (A1) (¢), for ¢ = 1,---,1, define
am, (t) = =Q (1) QL) Ly, (2.5)

Using (A1) (c), it is easily seen that a,,, (t) = @, is independent of ¢ and is an (m. x 1)-vector
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with am; = (@m; 1, Gmsm. ). Moreover (see ref. [15]),
1
@m;,; > 0, and Zam“j =1foreach j=1, -, m,. (2.6)
i=1

Thus for each ¢t € [0,T] and j = 1, -+, My, (@, j, " +Qm,,;) is a probability row vector. Its
component a,,, ; represents the probability that the chain jumps from the jth transient state s,
to the ith recurrent class M;.

If Q(t) consists of only one irreducible block, the corresponding system is one subject to fast
variations. In this case, the asymptotic study to be presented in what follows still provides a
reduction in complexity. It indicates that one can ignore the detailed variations and concentrate
only on the average effect.

(A2) is a sufficient condition for tractability. That is, (A2) implies that the system under
consideration is tractable.

The formulation is completed. We are now in a position to analyze the underlying system.
3 Limit behavior

This section is divided into four parts. We first recall several results concerning the singularly
perturbed Markov chains to be used in our study. Then we obtain the tightness of the process
{z=(-)}. Next, we derive the weak convergence of this process. Finally, we treat a special case
in which Q(t) consists of a single weakly irreducible block. In what follows, for an integer ¢,
by D‘[0,T], we mean the space of R-valued functions that are right continuous and have left

limits, endowed with the Skorohod topology (see refs. [19—22] among others).

3.1 Asymptotic properties of a(-)
Denote p*(t) = (P(a®(t) = 1),---,P(a®(t) = m)) € R'*™. Then the probability vector
p°(-) satisfies the forward equation

WO _ pee),

p°(0) = po, poi =0, > poi=1,
i=1

(3.1)

Po,i denotes the ith component of py.

Define
1.,
]Nl.* = 9
1,,,
Am, o Ay Om* X MMs
1 = diag(L,, -, 1m,), (32)
where 1, is an ¢ x 1 vector with all components being 1, diag(Ay,---, 4;) is a block diagonal

matrix with matrix entries Ay, -+, 47, Oy, xm, iS an m, X m, zero matrix, and a,,, is given by
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(2.6). For each i = 1,...,1, denote the quasi-stationary distribution for Q¢(t) by v*(t). Using

the partition form

Q(t) = :
QM(t) Q*(t)
with
Qll(t) c 7?/(777,7'rn*)><(7nfrn*)7 QlZ(t) c R(mfm*)xvn*,
QQl(t) c Rm*x(m—m*)’ and QQQ(t) c Rm*Xm*7
write
Q. (t) = diag(v' (1), -+, V' () Q" ()L + Q" (t)(am,, -+, am,)), (3.3)
and
Q(t) = diag(Q+(t),0m, xm.)- (3.4)

, if a®(t) e M;,

Uj lf as(t) = S*j,

where
l
U' = k[ k—1 k
7 kZ—1 i am i <USY S, am, 5}

and U is a random variable uniformly distributed in [0, 1]. Note that we only aggregate the states
in each recurrent class since if the process is currently in one of the transient states, in a short
period of time, it will jump into one of the recurrent classes.

For eachi=1,---,l,%, j =1,---,m;, define the occupation measures by

t
/0 e (s)=siyy — V;(S)I{as(s)eMi}ds, if i=1,---,1;
o5 (t) = (3.5)

t
/ I{af(s):s*j}dsy if 7=
0

We now present results on the solution of the forward equation, the asymptotics of the occupation
measures, and the weak convergence of the aggregated process.

Theorem 3.1.  Assume (Al) and (A2). Then

(i) p°(t) — p(t) as € — 0 for all ¢t € [0,T], where

p(t) = (0(t)diag(v*(t),-- -, (1)), 015m.) (3.6)

and where

0(t) = 0(1)Q.(1), 6(0) = (pol.). (3.7)
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with 0(t) = (01(t),-..,0i(t)) € R'*! and (po1.), being the partitioned vector corresponding to
the recurrent part.
(ii) For each i = 1,--- I, %,, 7 = 1,--- ,my,

sup E[of;(t)]> — 0 as ¢ — 0. (3.8)
t€(0,T]

(iii) @*(-) converges weakly to @(-), a Markov chain generated by Q. ().

Remark 3.1. The proofs of the three parts of the theorem can be found in that of
Theorem 3.4, Theorem 4.2, and Theorem 4.3, in ref. [16], respectively. Note that the convergence
in assertion (i) above is in the sense of pointwise convergence. The of;(t) is termed an occupation
measure since it measures the amount of time the underlying Markov chain spends in a given
state. Assertion (ii) gives a mean squares convergence of the sequence of unscaled occupation
measures. Although the aggregated process a(-) may not be Markov, its weak limit turns out

to be a Markov chain whose generator is an “average” of the generator Q(t) with respect to the

quasi-stationary distributions.

3.2 Tightness

We aim to prove the weak convergence of z°(-). To do so, we need to verify the tightness of
the underlying process and then characterize the limit. Rather than working with z°(-), we use
a device known as N-truncation (see ref. [21] or [22]) and work with a truncated process. We
show that the truncated process is tight and converges weakly. Finally, by using the uniqueness
of the solution (tractability), we conclude the proof.

To proceed, for any 0 < N, let Sy = {z;|z| < N}. That is, Sy is the sphere with radius N

centered at the origin. The process 257V (-) is an N-truncation of z°(-), if

lim limsup P( sup |25V ()| > Ko) =0,
Ko—oo  e0 te[0,T)

and x5 (t) = x°(t) up until the first exit from Sy. Define a smooth real-valued function ¢ ()
as ¢N(z) =1ifz € Sn; ¢V (z) =0if 2 € R" — Syy1. Consider

A (£)a=N (t) + B(as(t))a=N (t)gN (2N (t)) = f(t,°(t))q" (257 (1)), 39)

=N (0) = z.

Thus, 25V (-) is a process with compact support; it stops at the first time Sy, exits, equal
to 2°(-) up until the first exit from Sy, and “decays” between the spheres Sy and Sy41. The
truncation device enables us to work with a bounded process and to obtain the desired result for
such a process.

Theorem 3.2. Assume (A1) and (A2). Then {25V (-)} given by (3.9) is tight in D"[0, T).

Proof. Due to the truncation, {=" ()} is bounded. Suppose that the nth jump of a®(t)
happens at the moment 77 with 7§ = 0. Then {7Z} is a sequence of F;-stopping times, where
F¢ is the o-algebra generated by {a®(s); s < t} (If the generators are constants, the distribution

of 7,41 — 7, is well known and is exponentially distributed. For time-dependent generators, the

distribution of 7,41 — 7,, can be found in ref. [17]; see also ref. [6] for more details.). For any
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t € [0,T], t will be between two jump times, i.e. there is an n such that 7,, <t < 7,41 AT, where
Tnt1 AT = min(7p41,T). Assuming a®(7,) = s;; for some i =1,---,lori =%, j=1,---,my,

then a®(t) = s;; for all t € [1,, Th41 A T). By (A2), the system is tractable at 7,,, and hence
2N (t) = exp(= D7 (557) Pp(5i)(t — 7)) Pa(si) D2 (545) 2™ (72)

+ / exp(— B2 (517) B (555 (t — 5)) B (515) By (5, 51;)ds
+ (I = Palsiy) DR (si)) i(—w(¢A<sij>¢§<sij>>h@é?(sij)dﬁ;”(t, sij), (3.10)

=0
where @ 4(s;j), Pr(si;), and ®f(t, s;;) are defined in (1.2). Differentiating (3.10) with respect to

t yields that
&SN () = — Pa(sij) D5 (sij) exp(— B (si) Dp(sij) (t — 75)) Pa(sij) PX (si5) 2™ (75)

- ¢A(Sij)¢ff(8ij)/ exp(— 5 (si;) Pp(si;) (t — 5)) B (si;) s (s, 5:5)ds

+ B (5i5)@s(t, 5:5)

+ (I = Ba(sig) 25 (5i7)) Y (=1)"(Pa(sif) 25 (5:7)) 8B (s3) 2 (1. 53).  (3.11)
=1
The definition of 25V (-), the condition on f(-), and the familiar triangle inequality then imply
SUP¢¢[0,T] =N ()| < K.
To proceed, by (A2), for any ¢t € [0,T], there is a A(a®(t)) such that A(a®(t))A(ac(t))
+B(as(t)) is invertible. Thus (3.9) leads to

2N () = — [Ma (1) A(a®(1) + B(a® ()]~ M () B(a®()z=N ()¢ (=57 (1))
+ M (1) Aa® (1) + B(a(t)] " Ma” () £(t, °(8))g" (== (1))
+ A (1) Aa® (1) + B(o® ()]~ B(as(8)) =" (1) (3.12)

It then follows
25N (t) =ao */0 [A(a®(s))A(a®(s)) + B(a®(s))] ' A(a®(s)) B(a®(5)) 2z (s)g™ (5N (s))ds

+/O [Me®(s)) A0 (s)) + B(a®(s)] " M (5)) f (s, a%(s)) g™ (2N () )ds

+/0 [M(a®(s))A(a®(s)) + B(a“(s))] ' B(a®(s))*N (s)ds. (3.13)
For any § > 0 and ¢,u > 0 with 0 < u < 4, using (3.13), we have

Ef|2=N (t +u) — 2=V (1)

t+u
/t (" () A(e () + B(a®(s))] " Ma(s)) B(a(s))z" (s)g™ (x=N (s))ds

2

2
<3E;

t+u
+3E; /t [Ma®(s)A(a™(s)) + B(a® ()] Ma®(s)) f (s, a%(s))g™ (257 (s))ds

2

t+u
+3E; /t [Ma®(s))A(a%(s)) + B(a®(s)] ' B(a®(s))™" (s)ds

<CE(t,u), (3.14)
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where (¢(t,u) is Ff-measurable and

lim sup E¢*(t,u) = O(u?) = O(6?). (3.15)

e—0

In the above, we have used the boundedness of =" (-) and @V (-), the boundedness of A(:) and
B(1), the continuity of f(¢,-) for each ¢ € M, and
2

[ has <

such that (3.15) holds, where h(s) is ariy one of the following functions
[M(e®(s)A(a®(s)) + B(a®(s)] 7 Aa*(s)) B(a(5))a=N (s)g™ (2 (s)),
[Ma(5))A(a”(s)) + B(a®(s))] " A(a®(s)) f(5,a7(s))g™ (257 (s)),
[Mas(5))A(a”(s)) + B(e®(s))] " B(a®(s))z" (s).

E;

It follows
lim lim sup Bz (t + u) — 25N (¢)]? < ;ir% 0(6%) = 0. (3.16)
—

§—0 <0
The desired tightness of {5 (-)} then follows from the tightness criteria (see refs. [20, 21]).
Since {z™(-)} is tight, we can extract a weakly convergent subsequence by Prohorov’s
theorem (see refs. [19, 20]). Select such a convergent subsequence. For notational simplicity,
still denote the sequence by =V (-) (i.e. still use € as its index). In view of (3.15), we also have
the following corollary (see Corollary in ref. [20]).
Corollary 3.1. Under the conditions of Theorem 3.2, the limit of 5V (-) has continuous

sample paths w.p.1 (with probability one).

3.3 Weak convergence
Theorem 3.3. Under the conditions of Theorem 3.2, 25V (-) converges weakly to 2V (-),

a solution of the singular system of differential equations

A(@(t)™ +B(@(t)zV¢" () = f(t,a(t)g™ («),  2(0) = zo, (3.17)
where

=330y
i=1 j=1
Z Z B(sij), (3.18)
i=1 j=1
=33 v0ste )
i=1 j=1

Proof. In view of Corollary 3.1, the limit of the weakly convergent subsequence has

continuous paths w.p.1. We proceed to characterize the limit process.

Integrating (2.4) leads to
t
/A(( Noyds + [ Bt (o)t 6)0 N (o)
0

=[5 f(5,0%(5))g" (2N (s))ds. (3.19)
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Owing to the piecewise constant property of A(a®(t)), we can write the system as

Lomi m. ot
ZZ/O A(Sij)¢E7N(S)I{aE(s):si]-}ds+Z/O A(s45) 35N () {ae (5) =551 ds
7j=1

i=1 j=1

T Z Z/O B(sij)mst(s)qN(m‘g’N(s))I{as(S):su‘}ds

+ Z/O f(S, S*j)qN(ZCE’N(8))I{as(s):s*j}d8. (3.20)
To proceed, we treat each of the terms in (3.20) separately. First,

I my t
ZZ/O A(Sij)m.s’N(s)I{as(s)zsij}ds

i=1 j=1
I m; t ]
= Z Z A(Sij) / I'E’N(S)[I{as (s)=si;} — l/; (S)I{af(s)eMi}]ds
i=1 j=1 0
I my; t
+) 0D Asiy) /0 &SN ()05 (8) [ {as (s e M, } 45 (3.21)
i=1j=1

Next, an integration by parts leads to

E

t
/0 iE’N(s)[I{as(s):SU} — I/JZ- (S)I{af(s)eMi}]ds

<E

t
i?E’N(t)/O [I{af(s):si]—} — V}(S)I{oﬁ(s)eMi}]ds

t s
/0 </0 [I{ai(u)zsi]-} — V;(U)I{ai(u)EMi}]du> if67N(S)dS .

Similar to (3.10) and (3.11), it can be verified that sup;c(o |£=N(t)] < K. Then by the
boundedness of #5V(s) and applying Theorem 3.1, in particular, (3.8), as ¢ — 0, we obtain

+E

E — 0,

t
/0 iE’N(S)[I{aE(S):SU} - V;(S)I{QE(S)GMi}]ds

and the limit is uniformly in ¢t € [0,T]. It follows from (3.21),

I my t
ZZ/O A(sij)iﬁ’N(s)I{o‘E(S):Sz‘j}ds

i=1 j=1

I m, t
=> Z/O A(si)aN (8)V3(8) L {as (s)em, s + o(1), (3.22)

i=1 j=1
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where as € — 0, 0o(1) — 0 in probability uniformly in ¢ € [0,7T]. Likewise,

I my t
ZZ/O B(sz'j)l"s’N(S)qN(xs’N(s))I{aE(S):Su}ds

i=1 j=1

I mi
=2 [ B 6 N ()0 ey ds + o),

i=1 j=1

I m; t
ZZ/O F(sr8i7)a™ (29N () [{as ()=, 5

i=1 j=1

I m; t
=30 [ s @Y @D e peatyds + o), (3.23)

i=1j=1
where as ¢ — 0, o(1) — 0 in probability uniformly in ¢ € [0, T].
By virtue of Theorem 3.1 (iii) and using (3.5), similar to the derivations of (3.21) and (3.22),
as e — 0,

My t

> / A(57)3=N (8)I{as(s)=s.;1ds — O in probability,

j=1"0

My t

Z/ B(s*j)me’N(s)qN(a:E’N(s))I{as(S)Zs*j}ds — 0 in probability, (3.24)
j=170

My t
Z/o f(s, S*j)qN($67N(5))I{aa(S):S*j}ds — 0 in probability.
j=1

Thus the transient states are asymptotically unimportant.
Working with (3.22), by virtue of the weak convergence of = (-) to /¥ (-) and the Skorohod

&N (.) converges to 2V (+) with probability one, and the con-

representation, we may assume that x
vergence is uniform on any bounded time interval. In addition, the weak convergence of @°(-) (see
Theorem 3.1 (iii)) and the Skorohod representation imply that I1qe(s)eat,} = I{as(s)=i} converges
to Itg(s)=i}- In addition, since a(-) has piecewise constant sample paths, (d/dt)A(a®(t)) = 0

for almost all t € [0,T]. Therefore, as € — 0,

I my; t
ZZLMwﬁ%M@%Wms

i=1 j=1

I my I my;
= Z Z A(sij)mt‘,N(t)y; (t)I{aE(t)eMi} — Z Z A(Sij)xol/; (O)I{as (O)EMi}

i=1 j=1 i=1 j=1
I my I my;
=N Asig)aN (Vi) L=y — Y Y Alsi;)70; (0) [(z(0)=i} - (3.25)
i=1j=1 i=1j=1

Similarly, as e — 0,

I m; t
SN /0 B(sij)2"N (s)q™ (25N ())vi(8) 7= () =iy ds

i=1 j=1

I my; t
=33 [ Blo)a () @ )i ) s (3.26)

i=1j=1
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and

I m; t
)y / F(s2 50500 (@ ()0 (5) T e ()i s

i=1 j=1

L m; t
= /0 £(s,5:5)a™ (2N (5))vi(8) I (m(s) =iy ds. (3.27)

i=1j=1
Combining (3.25)—(3.27), we obtain the equation satisfied by the limit z® (-), namely,

A(a(s)z™(s) = A(a(0))zo —/0 B(a(s)z" (s)g" (z™(s))ds

+ /Otf(s,&(s))qN(xN(s))ds. (3.28)
The desired result thus follows.

Next, we let N — oo and conclude that ™V (-) — z(-) and hence the weak convergence of
z¢(-) to z(+). The proof of the following theorem uses the measures induced by z(-) and (-)
and the tractability. The details are similar to that of ref. [21] and are omitted.

Theorem 3.4. Suppose that (A1) and (A2) are satisfied. Then the untruncated process
z%(+) given in (2.4) is also tight in D"[0,T], and z°(-) converges weakly to z(), a solution of the

differential system

A(@(t))z + B(@(t))z = f(t,a(t)), z(0)= =z, (3.29)
where A, B, and f are defined in (3.18).

3.4 Limit result under weak irreducibility

In the previous section, we have derived limit results for singular systems under Markovian
perturbation with generator Q°(t) given by (2.2) and (2.3). We now consider a special case,
namely, @(t) in (2.3) has only one weakly irreducible block. To fix the notation, suppose that
Qc(t) = Q(t)/e + Qo(t), where Q(t) is weakly irreducible. Now, all the states are recurrent.
Moreover, it is easily seen that for sufficiently small ¢ > 0, Q°(¢) is also weakly irreducible.
We can now apply the results obtained in Theorem 3.2 and Theorem 3.3. Let the state space
of a®(-) be M = {1,...,m} and the quasi-stationary distribution corresponding to Q(t¢) be
v(t) = (v1,...,vm) € R™™. We obtain the following theorem.

Theorem 3.5. Suppose that the conditions of Theorem 3.3 are satisfied with é(t) and
Q(t) replaced by Q(t) and Qo(t) and with the Lipschitz continuity in (A1) being deleted. Then

2°(+) is tight in D"[0,T] and z°(-) converges weakly to z(-), which is a solution of

A(s)i(s) + B(s)z(s) = f(s), z(0) = o, (3.30)
where
At) = w(t)A(), Bt)=Y_w(t)B(), Ft)=>Y_ wv.(t)f(t). (3.31)
=1 =1 =1
Remark 3.2. Note that in this case, the limit system is a deterministic one. Moreover,

if Q(t) = @, a constant matrix, explicit form of solution can be given. The solution of (3.30) is
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given by

o(t) = exp(— P2 O5t) Bx8Pag + [ exp(— PR Sx(t — 5)) B2 Bx(s)ds + w(t), )

w(t) = (I 2592) T77 (-1)/(2792) 22 8 (1).

4 Hybrid/switching Leontief models

The well-known Leontief model is a dynamic system of a multisector economy (see, for
example, ref. [23]). The traditional setup can be stated as follows. Suppose that there are »
sectors. Let z;(t) be the output of sector ¢ at time ¢ and D;(¢t) the demand for the product of
sector 7 at time ¢. Denote z(t) = (z1(t), -+, z.(¢))’ € R" and D(t) = (D4(t),- -, D.-(t)) € R".
Let a;; be the amount of commodity i that sector j needs to produce and denote A = (a;;). If
a given sector does not produce a commodity, then A may have a zero row. Thus, A is often a
singular matrix. Denote by b;; the proportion of commodity j that is transferred to commodity
i. The matrix B = (b;;) is termed a Leontief input-output matrix. The Leontief dynamic model
is given by

Ai = (I — B)z + D(t), (4.1)

with A being a singular matrix.

In the classical Leontief model, the coefficients are fixed. Nevertheless, in reality, more often
than not, they are changing with respect to time depending on the trend of the economy. Not
only are A, B, and D time varying, but also they are subject to discrete shifts in regime-episodes
across which the behavior of the corresponding dynamic systems is markedly different. As a
result, a promising alternative than the traditional model is to allow for the possibility of sudden,
discrete changes in the values of the parameters resulting in a “hybrid” or “switching model”
governed by a Markov chain. In what follows, we propose a hybrid Leontief model with switching
regime. The premise of our model is that many of the important movements in economy arise
from discrete events. A nation’s economy sometimes appear quite calm and at other instances
are rather volatile. To describe how this volatility changes over time is by far important. It is
easily seen that monetary, fiscal, or income policies, often change in a discontinuous fashion with
jump sample paths, which is often referred to as shocks in economics. Economists cannot observe
these shifts directly, so these discrete events are governed by hidden random processes. Since the
late 1980s and early 1990s, increasing interests on using Markov-based models in economics have
been shown. Although most of these efforts are devoted to time series analysis (see refs. [24—27]
and the references therein), it is conceivable that the use of Markov-based models will play a more
prominent role in the near future. Similar to the consideration of stock market, a continuous-time
Markov chain can be used to model the trend of the economy. To illustrate, consider a simple
example in which the economy has two possible “states,” fast growth phase (denoted by 2) and
slow growth phase (denoted by 1). At any given time ¢, the economy will be in either the fast
growth state or the slow growth state governed by the outcome of a Markov chain. Similarly,

consider another example with the use of unemployment data, the economy may be said to be
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in state 1 if the unemployment rate is rising and in state 2 if the unemployment rate is falling.
Corresponding to the two states, either for the economic growth or for the unemployment rates,
the regimes or configurations of system (4.1) will naturally differ resulting in different coefficients
of the linear equations for different regimes. That is, the matrices A, B, and D vary with respect
to different regimes governed by a Markov chain a(-). More generally, the economy can have a
number of states instead of just two states (e.g. different levels of increases and decreases). This
then leads to a hybrid/switching model modulated by a Markov chain with finite state space.

Our next concern is the reduction of complexity. In a multi-sector economy, the state space
of a(-) is likely to be very large due to the rapid growth in science and technology. The large
number of states of the underlying chain gives a detailed representation of the position of the
economy. Nevertheless, the large-scale nature of the system makes the design and control of such
systems very difficult tasks. To reduce the complexity of the system, we observe that not all
states in the system change at the same speed. Some of them vary rapidly and others change
slowly. The inherent fast and slow time scales give us the possibility of grouping the states in the
systems in accordance with their transition rates. We introduce a small parameter ¢ > 0, and
let a(t) = a(t) with the generator given by (2.2) and @(t) specified by (2.3). Suppose that we
want to control a hybrid system in which the state space of M consists of m elements, where m
is a large number. Using appropriate asymptotic analysis, instead, we can consider a “reduced”
system whose state space consists of only [ elements. If | < m, the complexity of the task is
dramatically reduced.

In the asymptotic analysis, to obtain a rigorous result, it is necessary to consider the limit
as € — 0. In the actual applications, € could be a constant; it need not go to 0. The asymptotic
result, however, renders guidance on the control, optimization, and design of the actual system.
For further discussions on the interpretation of the time scale separation, see ref. [6].

Using the hybrid/switching Markov chain a®(t), we consider the following hybrid Leontief

model

Alas(t))a°(t) = (I — B(a®(t)))z*(t) + D(t, a°(t)),
z£(0) = xo.

(4.2)

Assume that conditions (A1) and (A2) hold for the continuous-time model (4.2). Then the weak

convergence results discussed in the previous sections hold. We have the following limit result.
Theorem 4.1. Under the conditions of Theorem 3.2, {°(-)} given by (4.2) is tight

in D"[0,T], and z°(-) converges weakly to z(-), which is a solution of the following singular

differential equation

A(@(t))i(t) = (I — B(a(t)))=(t) + D(t,a(t)),
z(0) = xo,

(4.3)

where A(a(t)), B(a(t)), and D(t,@(t)) are as defined in (3.18) with f(t,@(t)) replaced by

D(t,@(t)).
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Under the conditions of Theorem 3.5, the weak limit is given by

A(t)a(t) = (I - B(t))a(t) + D(t),

(4.4)
z(0) = =g,
where A(t), B(t), and D(t) are as defined in (3.31) with f(t) replaced by D(t).
Remark 4.1. Let us give some economic implication of the results obtained. First, the

original Leontief model (4.1) is purely deterministic. Thus it may not respond to any stochastic
changes and random fluctuations. It appears that a major factor that dominates the states of
economy is the trends of the general economy. By using the model (4.2), we consider a refinement
of the well-known Leontief model.

The limit systems both under weak irreducibility (see (4.4)) and multi-block Q(t) (see (4.3))
present a reduction of complexity. The keyword is averaging. The weak irreducible case cor-
responds to the underlying system that undergoes rapid variations; the limit system is a de-
terministic one. It indicates we can ignore the detailed fluctuations in the actual system, and
examine only its average. In the case of a multi-block Qv(t), we are interested in the situation
that card(M) is fairly large, which follows a realistic consideration of complex economic systems.
If card(M) <card(M), the complexity of the underlying system is much reduced by means of
the averaging approach.

5 Further remarks

This paper has been devoted to singular systems of differential equations. We have focused
on two main points. The first one is to develop hybrid models of singular differential systems
driven by random disturbances. The second one is the reduction of complexity of large-scale
singular systems. Here the machinery we are using is the hierarchical approach via singular
perturbation methods. Future work can be directed to the control and optimization problems of

large-scale singular systems of differential equations and to nonlinear singular systems.
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